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Granular temperature profiles in three-dimensional vibrofluidized granular beds
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The motion of grains in a three-dimensional vibrofluidized granular bed has been measured using the
technique of positron emission particle tracking, to provide three-dimensional packing fraction and granular
temperature distributions. The mean square fluctuation velocity about the mean was calculated through analysis
of the short time mean squared displacement behavior, allowing measurement of the granular temperature at
packing fractions of up toh;0.15. The scaling relationship between the granular temperature, the number of
layers of grains, and the base velocity was determined. Deviations between the observed scaling exponents and
those predicted by recent theories are attributed to the influence of dissipative grain-sidewall collisions.
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I. INTRODUCTION

The importance of granular materials in industrial a
natural processes has led to a long history of study
granular behavior. Over the last 20 years this interest
steadily increased, as the complexity and variety of gran
phenomena have become apparent. The similarities betw
granular materials and classical fluids have been noted
quently~e.g., Ref.@1#!. There are, however, fundamental d
ferences between these states of matter; for example, d
pation of kinetic energy during collisions, not observed
simple thermal fluids, is a dominant feature of granu
gases. Despite this, the use of kinetic theory analogs
resulted in the first tentative steps towards the constructio
a framework in which a hydrodynamic theory of granu
flows can be formulated@2#.

Much of the progress in understanding granular flows
been through theoretical and numerical approaches~e.g., see
Ref. @3#!. Recently though, a number of experimental tec
niques have been developed to investigate two- and th
dimensional vibrofluidized granular beds. In two dimensio
a series of experiments by Warr and co-workers, using h
speed digital photography, demonstrated that highly vib
fluidized two-dimensional~2D! granular beds can opera
near to equilibrium, i.e., the granular velocities broadly f
low Maxwell distributions@4,5#, and that the local structur
of the granular bed is similar to that seen in a thermal fl
@6#. Later, a novel method of calculating granular tempe
ture was developed@7# based upon the short-time behavior
the mean squared displacement, which does not require
tection of the collision events. This method was used to m
sure granular temperature concurrently with measurem
of the self-diffusion coefficient@8#. This subsequently al
lowed simple kinetic theory approaches to granular bed
be validated@8#.

The visualization of the internal dynamics of thre
dimensional granular flows is obviously more challengi
than for two-dimensional arrays. A number of techniqu
have recently been developed to probe flows in thr
dimensional geometries, including diffusive wave spectr
copy @9#, magnetic resonance imaging@10#, and positron
1063-651X/2001/63~6!/061311~10!/$20.00 63 0613
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emission particle tracking~PEPT! @11#. The authors have
recently demonstrated the suitability of PEPT for studies
highly fluidized granular beds@12#. In that article, it was
shown that variables such as the mean squared displace
and self-diffusion coefficient could be measured, and that
very dilute systems~packing fractions;0.05! the granular
temperature could be measured over the whole altitude ra
of amplitudes.

In this paper, results from the recently upgraded PE
facility are presented. The new facility provides an improv
ment in temporal resolution by a factor of 3–4 compared
the system used in Ref.@12#. As a result granular temperatur
can be measured in significantly denser flows than was
viously possible. In particular, granular temperature profi
will be presented for packing fractions up to about 15%
the first time. An introduction to the PEPT and shaker syst
is given in Sec. II. In Sec. III, the PEPT location data a
analyzed to determine the packing fraction and veloc
fields throughout the whole of the cell, and granular tempe
ture profiles for a range of experiments are presented.
nally, scaling laws in three-dimensional fluidized beds a
discussed in Sec. IV, where experimentally determined s
ing relationships are compared to the two-dimensional
perimental results of Warr, Huntley, and Jacques@5#, the
numerical results of Luding, Herrmann, and Blumen@21#,
and the theoretical predictions of Kumaran@24#.

II. EXPERIMENTAL PROCEDURE

Whole field methods of analyzing highly fluidized thre
dimensional granular beds at the single particle level are
generally available. In this paper we present results using
recently upgraded Birmingham PEPT facility. Althoug
PEPT tracks only a single particle, the automated faci
allows experimental data to be logged for a considera
length of time~up to 6 h!, resulting in pseudo-whole-field
data for steady state systems. The technique has rec
been used to investigate a number of experimental situati
e.g., rotating beds@13# and paste flow@14# and more recently
it has been used to successfully analyze three-dimensi
vibrofluidized granular beds@12#. The technique uses a ra
©2001 The American Physical Society11-1
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dionuclide that decays by positron emission, and relies
detecting the pairs of back-to-back gamma rays produ
when positrons annihilate with electrons. These gamma
are very penetrating and an accurate location can be d
mined from detection of a small number of back-to-ba
pairs. Coincident detection of two gamma rays in a pair
position sensitive detectors defines a line passing close to
point of emission without the need for collimation. The Un
versity of Birmingham Positron Camera is a Forte du
headed gamma camera~Adac Laboratories, CA, USA!.
Each head contains a single crystal of NaI scintillat
5003400 mm2, 16 mm thick, optically coupled to an arra
of photomultiplier tubes. The current maximum count rate
43104 s21 enables an ideal temporal resolution of 2 ms w
a spatial accuracy of;1 mm. In the following experiments a
tracer particle was created by irradiating a glass ballo
sphere with a beam of3He, which leads to a bead that
physically indistinguishable from the remaining beads with
the experimental cell. This radiolabeling process converts
available O nuclei to a radioisotope of F, which decays
sulting in the emission of positrons. In a dense medium s
as ballotini, a positron quickly annihilates with an electro
producing two back-to-back 511 keV gamma rays. These
detected in the pair of diametrically placed camera he
~Fig. 1!. Through triangulation of successive location even
the position of the tracer particle can be located in th
dimensions.

A three-dimensional granular gas was generated usin
Ling Dynamic Systems~LDS! vibration system. A sinu-
soidal signal was fed through a field power supply@LDS FPS
1# and power amplifier@LDS PA 1000# into a wide fre-
quency band electrodynamic transducer@LDS V651#. This
system has a frequency range of 5–5000 Hz, a maxim
acceleration of 100 g and maximum amplitude of 12.5 m
A cell of dimensions 140 mm diameter and 300 mm hei
was placed on the upper surface of the vibrating piston, it

FIG. 1. Schematic of the positron emission particle tracking a
shaker facility. The polymethyl methacrylate cylindrical cell w
145 mm in diameter and 300 mm in height.
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placed between the photon detectors~Fig. 1!. The cell was
constructed of polymethyl methacrylate to limit the attenu
tion of the gamma rays as they traveled through the exp
mental apparatus, and the walls were coated with conduc
copper tape to reduce electrostatic charging of the gra
The cell was vibrated at a frequency of 50 Hz. The amplitu
of vibration,AO , was varied throughout the range 0.74, 0.9
1.14, 1.34, and 1.54 mm. Glass ballotini balls of diamet
d55.060.2 mm~with an intergrain restitution coefficient«,
measured using high-speed photography, of 0.91 and m
m51.87531024 kg! were used as the granular medium.

At grain speeds of aboutc̄51 m s21 the PEPT camera ha
an accuracy, in thex-y plane, of about61 mm. However, the
accuracy in thez direction is substantially worse as the gra
needs to be located in a direction normal to the faces of
detectors. When calculating the granular temperature~Sec.
III D !, the average behavior in thez direction was therefore
assumed to be equivalent to that in thex, due to cylindrical
symmetry. During each experiment, the motion of a gr
was followed for about 1 h, resulting in up to 20 millio
location events. Each location event was ascribed a coo
nate in space and time~x, y, z, t!. The number of grains,N,
placed within the cell~including the tracer particle! was cho-
sen to be 350, 700, and 1050 corresponding to a total num
of close-packed grain layers of about 0.5, 1, and 1.5, resp
tively. Figures 2~a!–2~c! show typicalx, y, andz trajectories
over a 1 stime interval forN5350 andAO51.34 mm.

III. DATA ANALYSIS

A. Center-of-mass motion

In any dissipative system, energy has to be continua
injected into the system to maintain the steady state. In
case of vibrofluidized beds, the main energy source is
vibrating lower boundary of the cell. As this motion is co
fined to the vertical direction, the energy transferred to
grains also flows in they direction; subsequent intergrai

d

FIG. 2. Typical positron emission particle tracking traces for t
~a! x coordinate,~b! y coordinate, and~c! the z coordinate, forN
5350.
1-2
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GRANULAR TEMPERATURE PROFILES IN THREE- . . . PHYSICAL REVIEW E 63 061311
collisions transfer the kinetic energy into the orthogonal
rections, and a form of energy partition occurs@15#.

It is well known that sinusoidal excitation can, under ce
tain circumstances~such as low frequency, low«, and high
N!, result in significant correlations between the center-
mass motion of the grains and the motion of the base. T
cally, the center of mass moves at some integral fraction
the driving frequency@16#. Granular temperature specifie
the magnitude of the velocity fluctuations about the me
flow, and it is therefore important for the calculations in S
IV that the center-of-mass motion is determined.

Figure 3 shows part of the frequency spectrum,P( f ),
defined by

P~ f !5U(
j 51

Nj

yj~ t j !exp~2 i2pt j f !U2

, ~1!

whereNj is the number of coordinate locations,yj andt j are
the height and time associated with thej th location event,
andf is the frequency.P( f ) was calculated for they motion
of the tracer particle under conditions potentially most pro
to systematic center-of-mass motion~N51050, AO
50.74 mm, for grains in the interval 0,y,5 mm above the
base!. The plot in Fig. 3 was obtained by dividing the enti
run into sequences lasting 1 s, subtracting the meany value
from each sequence to remove the dc peak from the s
trum, and finally averaging over the resulting 3600 spec
No significant peak is visible at either 50 Hz, or at any h
monic or subharmonic of this driving frequency. It wa
therefore assumed that the center-of-mass motion could
disregarded for the range of packing fractions examined
this paper.

B. Packing fraction

In three dimensions, the packing fractionh is defined as

h5
Volume of particles

Total volume
. ~2!

FIG. 3. Average power spectrum of they coordinates forN
51050,AO50.74 mm.
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During experiments on two-dimensional systems,h can be
determined using whole field techniques such as high-sp
photography@5#. With a pointwise technique such as PEP
packing fraction can only be calculated by making use of
ergodicity of the system. This method was developed i
previous publication@12#, and will only be described briefly
here.

The experimental cell is discretized into segments,
shape of which depends on the analysis being performed.
example, to measure the packing fraction, averaged over
cross-sectional area of the cell, the experimental cell is s
divided into horizontal slices, and packing fraction is calc
lated as a function of height,y. The large number of location
events means that each of these slices can be subdiv
further, so that, for example, packing fraction can be m
sured as a function ofr, the distance from the axis, as well a
a function ofy. Following this segmentation, each locatio
event is assigned to the appropriate segment, resulting
location density. To accurately determine the packing fr
tion, the system is assumed to be ergodic@12#, i.e., a time
average is equivalent to an ensemble average, leading to
expression:

h5
NFi~y!pd3

6Vi
, ~3!

where Vi is the volume of thei th segment andFi(y) is
distribution of residence times. Figures 4~a!–4~d! show the
packing fraction as a function of the altitude,y. Figure 4~a!
illustrates the changes in the packing fraction with the nu
ber of particles,N, at a fixed amplitude~1.34 mm!. The form
of the curve is similar in each case: a sharp rise in pack
fraction near the base, reaching a peak value and then de
ing exponentially. Figure 4~b! demonstrates the influence o
the vibration amplitude, forN5350, andAO50.74, 0.94,
1.14, and 1.34 mm. Clearly at low amplitudes the grains
less energetic and accumulate close to the base. At hi
amplitudes the base velocity is increased and the bed is
panded. One can see in Fig. 4~c! that a log-linear represen
tation of Fig. 4~b! confirms the tendency of the packing fra
tion profile to become exponential at high altitudes.

Figure 4~d! shows the packing fraction plotted as a fun
tion of the radial distancer for y52.5 to 22.5 mm, and for
N5350, AO51.34 mm. There is a significant increase
packing fraction near the wall compared to that on the a
of around 50% fory;12.5 mm. This ‘‘boundary layer’’ ex-
tends inwards by about 30–40 mm, or about 6–8 grain
ameters. The rise in packing fraction could be attributed t
combination of two mechanisms. First, the particles ins
the cylindrical cell exert an unbalanced pressure on
grains near the outer surface, pushing the latter towards
wall of the cell @17#. Second, any increase in the packin
fraction leads to greater collision rates with the wall. Th
causes enhanced dissipation, reduced granular tempera
and hence, further increases in density near the wall.

C. Mean velocity fields

Convection in vibrated granular beds is a well-know
phenomenon, particularly for low-amplitude regimes. R
1-3
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FIG. 4. Packing fraction profiles determined using Eq.~3!. ~a! Packing fraction vsy for a range ofN, AO51.34 mm,~b! packing fraction
vs y for a range ofAO , N5350, ~c! logarithm of packing fraction vsy. AO51.34 mm,N5350, 700, and 1050.~d! Packing fraction vs
distance from the axis,r, as a function of height,y. AO51.34 mm,N5350.
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cently this effect has also been observed for the first time
highly fluidized beds@12,18#. In the present paper, our pr
mary interest is in the velocity fluctuations, rather than
mean velocity field, but for completeness we include Fig.
This demonstrates that the mean collective speed of
grains is of the order of;0.05 m s21, and thus that the
convection speed is typically less than 10% of the root m
squared velocity. The mean velocity field can thus be
glected as a significant contributory factor in the measu
ment of granular temperature in most cases explored in
paper.

D. Granular temperature

The similarity of granular flows to thermal fluids has le
to the extension of many of the concepts used in the ana
of classical gases and liquids. An analog to the thermo
namic temperature can be defined in terms of the mean
netic fluctuation energy of the grains,

EO5 1
3 mc2, ~4!
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FIG. 5. Mean velocity field forN5350 andAO51.34 mm.
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GRANULAR TEMPERATURE PROFILES IN THREE- . . . PHYSICAL REVIEW E 63 061311
where EO is the granular temperature,m is the mass of a
grain, andc is the grain speed. A combination of the diss
pation and the vertical motion of the base causes the gran
temperature to be anisotropic, which can be characterize
defining granular temperature in each direction:

Ei5mv i
2, ~5!

where i denotes the directionsx, y, or z and v is the grain
velocity.

Granular temperature is in principle easiest to meas
through direct calculation of the second moment of the
locity distribution, or by fitting an expected functional form
to the measured velocity distribution@5,7#. Applying these
methods to PEPT data presents some difficulties, howe
as the collision events are difficult to determine reliab
leading to the likelihood of introducing errors through t
averaging of the velocity over collision events. A ne
method was developed during experiments on tw
dimensional systems that allowed both numerical differen
tion and collision detection to be avoided, thereby avoid
several significant error sources@7#. This method is depen
dent on being able to measure the mean squared disp
ment accurately for times less than or equal to the m
collision time; in two dimensions this procedure was sho
to give more reliable data at higher packing fractions th
either of the alternatives described above. This approach
applied successfully to 3D PEPT data in Ref.@12# for very
dilute cases~;0.5 layers of beads, giving rise to a pe
packing fraction ofh;0.05 and a minimum Enskog mea
free timetE;10 ms!. Improvements in the temporal resolu
tion from ;7 to ;2 ms with the new PEPT system hav
allowed the number of layers to be increased to;1.5 for the
current set of experiments.

The measurement of the mean squared displacemen
been discussed in depth in previous publications and
reader is referred to these for more detail@7,8,12#. Essen-
tially, each location event is considered as the start of
independent trace. Then the grain is followed for 200 ms,
square of the displacement being recorded for every su
quent location event. Once this has been completed for e
grain location in each segment, the mean squared displ
ment is binned according to the time of location, and
ensemble average is calculated. Typical results for this te
nique are shown in Fig. 6. The mean squared speed, and
the granular temperature, is extracted from 2nd order p
nomial regression applied to the short-time ballistic behav
of the mean squared displacement@7#.

Figures 7 and 8 show granular temperature profiles
N51050 grains for both thex andy directions. These figure
clearly show that the granular temperature is anisotro
granular temperature in they direction is larger than that in
the x. This has been observed consistently in both exp
mental and numerical studies and, as noted before, is du
energy being injected in they direction and then being trans
ferred into thex direction through collisions.

For high amplitudes (AO.1.14 mm! and highN, one ob-
serves that the granular temperature appears to increase
altitude. One possible reason for this upturn is the effec
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convection. The velocities associated with the mean fl
field are relatively low magnitude and were not taken in
account in the numerical analysis procedures used to ca
late granular temperatures. The effect of ignoring the m
field on the calculated granular temperature can be estim
by assuming that the velocity distribution is Gaussian abo
constant convection velocity,vC , i.e.,

P@vY#dvY5S m

pEY
D 1/2

expS 2
m~vY2vC!2

EY
DdvY . ~6!

The second moment of this distribution,

vY
25E

2`

`

vY
2P@vY#dvY ~7!

FIG. 6. Mean squared displacement forN5350 and AO

51.34 mm, as a function of height,y.

FIG. 7. Granular temperature profiles, resolved in they direc-
tion, for N51050, andAO50.74, 0.94, 1.14, and 1.34 mm.
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leads to

EY5mvY8
21mvC

2 , ~8!

wherevY8 is the fluctuation velocity about the mean velocit
At a height of 60 mm above the base,vC;0.1 m s21,

indicating that one might expect an enhancement
;231026 J in the granular temperature. The measured
ference betweenEY at y530 mm and aty560 mm is;6
31025 J, 30 times greater than might be expected from
above calculations, indicating that the upturn in granu
temperature may not be ascribable to convection curre
Similar behavior has been seen in molecular dynamics~MD!
studies@19# and is usually attributed to gradients in the co
centration@20#.

As expected, an increase in the amplitude of vibrat
tends to increase the granular temperature systematical
all heights. The scaling relationships involved between
granular temperature and the peak velocity are investig
in the next section.

IV. SCALING LAWS

A number of authors have attempted to relate the gran
temperature or center-of-mass position to the base peak
locity. In two dimensions, Luding, Herrmann, and Blum
@21# used event-driven simulations to analyze the scaling
the height of the center-of-mass of a 2D fluidized granu
bed. Similar results were observed in the experimental an
sis of Warr, Huntley, and Jacques@5#, in line with the simple
kinetic theory of Huntley@22#. However, these results hav
all been at odds with other theoretical analyses@5,23# in
describing the scaling exponents modeling the scaling
tween the peak base velocity and the number of grains, w
the granular temperature or center-of-mass height. In th
dimensional systems the theoretical work of Kumaran@24#
suggests that the scaling is expected to take a form simila
that proposed in Ref.@21#, namely,

FIG. 8. Granular temperature profiles, resolved in thex direc-
tion, for N51050, andAO50.74, 0.94, 1.14, and 1.34 mm.
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hc.m.2hc.m.,0'~AOv!aF nb

N~12«!G
b

, ~9!

wherenb is the average number of beads in a layer,hc.m. is
the height of the center of mass, andhc.m.,0 is the height of
the assembly of beads at rest. In 1D studies@16# a was found
to take the value of 2, but in the 2D MD studiesa53/2 @21#.
Most theoretical models of similar systems suggest thaa
52 @5,24#.

The scaling was investigated experimentally by thr
methods. First, by using the granular temperature profi
extracted from the short time mean squared displacem
and using an average of the scaling exponents measure
each height~Method 1!; second, through the analysis of th
behavior of the center-of-mass extracted from the pack
fraction profiles~Method 2!; and third, by fitting a Boltz-
mann packing profile to the experimental data at high a
tude ~Method 3!. In the case of the granular temperatu
only they components were calculated; the scaling expon
was found to be variable for thex component. As stated
earlier, the number of grains,N, was varied throughN
5350, 700, and 1050, while the amplitude of vibrationAO
was 0.74, 0.94, 1.14, 1.34, and 1.54 mm. Not all these
plitudes were used for each value ofN; the maximum ampli-
tude before grains collided with the lid depended on
number of grains, and limited the vibration intensity. Figur
9~a! and 9~b! show the scaling relationships betweenEY and
AOv, and EY and nb /N, respectively. Power law curve
have been fitted to data sets, with resultant exponentsa and
b of 1.54 and 0.76, respectively. The scaling results
somewhat similar to the experimental and numerical res
of Warr, Jacques, and Huntley@4# and Luding, Herrmann,
and Blumen@21# respectively, but again, are significant
different from the theoretical predictions.

The second scaling analysis used the scaling of the ce
of mass to make a direct comparison with Luding, He
rmann, and Blumen@21#. The height of the center of mas
was calculated by integrating the packing fraction profiles
Figs. 4~a! and 4~b! according to:

^y&5
*yh~y!dy

*h~y!dy
. ~10!

The ground-state height of the grains was calculated us
@21#

hc.m.,05
nbd

2N
@~12A2/3!nh1A2/3nh

2#1
n0d

2N
@112A2/3nh#,

~11!

wherenh is the number of full layers andn0 is the number of
grains in the final layer. Figures 10~a! and 10~b! show the
scaling ofhc.m.2hc.m.,0with AOv andnb /N. For the case of
an isothermal system, following a Boltzmann distribution f
the packing fraction as a function of height, the change in
center of mass is proportional to the temperature of the s
tem. While these assumptions are not strictly valid here,
scaling exponents were nevertheless calculated, givinga and
b values of 1.24 and 0.36, respectively. These scaling ex
1-6
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GRANULAR TEMPERATURE PROFILES IN THREE- . . . PHYSICAL REVIEW E 63 061311
nents differed significantly from those predicted from bo
theory and simulation~Table I!, and also as might be ex
pected, from the scaling exponents extracted from the gra
lar temperatureEY .

The third method of determining the scaling was to e
mate the granular temperature by fitting an exponentially
caying Boltzmann density distribution to the high altitu
packing fraction profiles. This analysis was performed for
datasets to enable the extraction of the relationship betw
EO , N, and AO , resulting in exponents ofa51.8560.30
andb50.7660.13.

The disparity between the theoretical predictions and
experiments may have its source in a number of factors
suggestion of Warr, Huntley, and Jacques was that in 2D,
dissipation of energy during sliding collisions with the co
fining glass wall might result in a source of error@5#. Here in
3D, this effect is not present and may be dismissed a
source of error. The majority of theoretical explanations p
dict a52, apart from Huntley@22# who predicted;1.4 for
dense systems as opposed to the dilute system under in

FIG. 9. Scaling relationships between log10(EY) and ~a!
log10(AOv) for N5350, 700, and 1050 and~b! log10(nb /N) for
AO50.94, 1.14, and 1.34 mm.
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tigation here, and Kumaran@24# who predicteda51.5 for
situations in which drag dissipation was the dominant sou
of energy loss. The event-driven simulations of Luding, H
rmann, and Blumen@21# determined an exponent of 1.5
where of course the dissipation due to drag was zero. T
suggests that the theoretical studies are missing a fundam
tal aspect of granular fluidization. Although air dragwas

FIG. 10. Scaling relationships between log10(hc.m.2hc.m.,0) and
~a! log10(AOv) for N5350, 700, and 1050, and~b! log10(nb /N) for
AO50.94, 1.14, and 1.34 mm.

TABLE I. Comparison of the theoretical, numerical, and expe
mental results for the scaling exponentsa andb.

Method a b

2D EO scaling@5# 1.4160.03 0.660.03
2D hc.m.2hc.m.,0 @5# 1.360.04 0.2760.11
Simulation@21# 1.560.01 1.0
Theory @5,24# 2.0 1.0
Method 1: 3DEO scaling 1.5460.37 0.7660.07
Method 2: 3Dhc.m.2hc.m.,0 1.2460.15 0.3760.09
Method 3: 3DEO from h 1.8560.30 0.7660.13
1-7
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present in our experiments, its relative importance compa
to collisional dissipation can be quantified. Assuming no
currents, for particle speeds of aboutc̄;1 m s21, the Rey-
nolds number Re is about 300, leading to an estimate of
drag coefficient,Cd;0.66 @25#. The frictional drag force is
then given by

Fd5
Cd

8
pr fd

2c̄2, ~12!

wherer f is the fluid ~air! density. This leads to a value o
;731026 N for the drag force. For mean free paths,l, of
about 70 mm, this results in an approximate energy diss
tion of ;531027 J per collision period. The energy lost du
to a collision can be estimated by@4,26#

DEc'
1
2 mc2~12«2!, ~13!

resulting in about 1.631025 J dissipated during a typica
collision. Therefore the energy dissipated through d
forces is some 3% of the loss through collisions. This s
gests that, to a first approximation, drag may be neglec
implying that for the system examined here, the explana
of Kumaran@24# is not applicable. The analytical models
the vibrofluidized system use an exponentially decay
packing profile with an isothermal atmosphere. Figures 4~a!–
~d!, 7, and 8 show that this is clearly not the case. Anot
potential source of the difference, grain-wall dissipation,
discussed in the following section.

V. SIDEWALL EFFECTS

The packing fraction profile in Fig. 4~d! shows a signifi-
cant influence of the sidewalls on the system. Previous a
lytical studies by Kumaran@24# considered the effect o
grain-grain dissipation and viscous drag but not the si
walls; numerical studies of scaling exponents by McNam
@15# estimated the magnitude of the dissipation at the w
but did not assess the impact on the scaling laws. Qua
tively, one observes that at the lowest excitation levels, m
grains will interact almost exclusively with other grains
the base, but that as the base velocity is increased and
bed becomes more fluidized, collisions with the sidewa
will become progressively more likely. This additional lo
mechanism can, therefore, be expected to reduce the sc
exponenta below the theoretical value of two.

In quantitative terms, the simple model described in Re
@5# and @24#, in which the steady state temperature is est
lished by assuming Maxwell-Boltzmann statistics and equ
ing rates of energy input and energy dissipation, can be
tended relatively straightforwardly. The isotherm
Boltzmann number density profilen(y) ~valid only for the
lowest packing fractions, see e.g., Ref.@27#!

n~y!5
mgN

ACEO
expS 2

mgy

EO
D ~14!

results in a total grain-grain dissipation rate
06131
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e
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Dgg54Apr 2
N2

AC
g~mEO!1/2~12«2! ~15!

for three dimensions, whereAC is the cross-sectional area o
the cell andr is the grain radius@24#. The leading-order term
in the total energy input rate for a symmetrical driving sign
is @24#

SO5
Nmg

EO
2S 2

p D 1/2

~mEO!1/2^V2&, ~16!

whereV is the base velocity and

^V2&5
VO

2

2
~17!

for a sinusoidal wave form whereVO is the peak base veloc
ity. The additional loss term due to grain-wall interactio
can be obtained by assuming frictionless collisions~tangen-
tial motion of the wall therefore having no effect!, character-
ized by a restitution coefficient«w . The total rate of dissi-
pation through grain-wall contact was estimated
considering the energy lost during a collision,

dE5
m

2
~12«w

2 !vX
2, ~18!

and the rate of collisions on an areapdcdy around the wall,

dR5
1

4p
n~y!pdc dy cP~c!dcE

0

2p

dfE
0

p/2

cosu sinu du,

~19!

whereu andf are the polar angles of the velocity vector a
P@c# is the Maxwell distribution of speeds. Thus, the int
gration of the product of Eqs.~18! and ~19! leads to the
expression for the total rate of dissipation due to wall-gr
collisions:

Dgw5S 8

p D 1/2EO
3/2

m1/2 ~12«w
2 !

N

dc
. ~20!

Under steady state conditions we expect

Dgg1Dgw5SO , ~21!

which results in the following expression for granular tem
perature:

~12«w
2 !EO

2 1
&mgdcNd2p

4AC
~12«2!EO2m2gdc^V

2&50.

~22!

This reduces to the elastic wall case for«w→1.
Figure 11 shows the scaling dependence ofEO with VO

calculated for both the elastic and the inelastic wall cases
the range of experimental conditions prevailing in t
present study. The value of«w was measured to be 0.6
60.04 using high-speed photography. The scaling expon
resulting from the modified expression ranged from 1.27
1-8
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1.75 as can be seen from Fig. 11, all lower than that ca
lated using the elastic wall case, but also showing a stronN
dependence.

In summary, the analysis of the effects of the drag, int
grain, and the grain-wall dissipation indicates that the do
nant loss terms are likely to be due to collisions. Previo
investigations into the scaling of the granular temperat
with the peak base velocity have tended to assume tha
influence of the sidewalls is small. However, we have sho
in this paper that wall effects can be quite large, not jus
affecting the scaling but also the radial distribution of t
packing fraction. This effect isN dependent, and is signifi
cant at low values ofN. This can be understood in terms
the mean free path of the grains. At low packing fractions
mean free path may be of similar size to the dimensions
the experimental cell. As the packing fraction increases,
relative influence of the walls is reduced as the grains in
act with each other more frequently and the expression

FIG. 11. The scaling exponenta, as defined by Eq.~9!, for
inelastic grain-wall collisions as a function ofN through solution of
Eq. ~22!.
od

no

.

.
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EO returns to that for the case in which the side walls a
neglected. The analysis described here shows that the w
can act as significant heat sinks, dissipating the kinetic
ergy of the system through grain-wall collisions, and a
complete description of a granular bed must model this
pect of granular flow in three-dimensional geometries.

CONCLUSIONS

The fine temporal resolution and the long experimen
times obtained by using positron emission particle track
have allowed the state variables in a three-dimensional
brofluidized granular bed to be characterized. Granular te
perature profiles were determined for a range ofN andAO .
Packing fraction was measured both as a function ofy, but
also as a function of the distance from the cylinder axis. T
indicated that in regions close to the wall the packing fra
tion was enhanced. Determination of the velocity fiel
showed that convection rolls were present, but were typic
less than 10% of the root mean squared fluctuation speed
their influence was small during measurement of the gran
temperature. The scaling relationships between the gran
temperature, the number of layers of grains and the b
velocity in they direction were broadly in line with result
from two-dimensional studies. An explanation for the low
values of the scaling parameters was proposed. The diss
tion of the kinetic energy of the grains through wall col
sions was considered as an extra term in the steady
energy balance equation. Numerical analysis of the res
showed that reduced scaling exponents would be expe
for grain-wall restitution coefficients less than one.
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